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§ 1.    Introduction; summary of results.

Let the elements of an algebra be A = 2£<îi <***(« where the coordinates at

range over a given field F, while the units e; are linearly independent with

respect to F and have a multiplication table,

m

e.e. = ^2yiJkek (U=l, •••,«; >'sin .F).

Given two elements A and 5 with the a. not all zero, we can determine an

unique element Xr such that AXr = B and an unique element Xl such that

XtA = B ii and only if each of the determinants

A = £w»i i    A, = ¡Ï«;     (/• *=i»-••,*»)

does not vanish. Hence the condition that right hand [left hand] division shall

always be uniquely possible is that Ar [A,] shall vanish only when every ai

vanishes. Now either of these conditions is satisfied when the other is, since

either is equivalent to the condition that a product shall vanish only when one

factor vanishes. We consider algebras in which these conditions are satisfied

and in which there is a modulus, i. e., an element 1 such that 1.4 = Al = A

for every element A.    We shall henceforth set e, = 1.

For m = 2, the algebra is the field F( e2 ). Indeed, e\ — e2 y222 — y22, = 0 is

irreducible in F since Ar = a\ 4- ax a2 y222 — a2 7221.

In § 2 I consider the general transformation of algebras with three units,

exhibiting families of algebras invariant under every linear transformation and

determining the algebras which admit more than one transformation into itself

(and hence exactly three transformations). From each standpoint I am led to

the same remarkable set of families of algebras, each set characterized by a

parameter p. For p. = 1, the family consists of all fields of rank three with

respect to F. For p = 0, the commutative algebras have the property that

division is always possible.

* Presented to the Society (Chicago), April 14,1906.   Received for publication March 19, 1906.
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In § 3 there is indicated a method of deducing an algebra of mk units from

one of »?i units. In §§ 4, 5, there is indicated a method of constructing a remark-

able algebra in m units, where m is any even integer greater than two, such that

division is always possible. An important point in the theory is established in

§ 6 by the exhibition of two non-equivalent, non-field, commutative algebras in

six units with coordinates in the same general field.

Throughout the paper I exclude fields with modulus 2.

§ 2. Algebras toith three units, 1, i, j.

Suppose first that, for every element e, e2 is a linear function of e. Then

i2 = ai + A, f = bi + B.    Set /-*- a/2, J-j-ö/2.    Hence

F = a,        J2=xß,        IJ=r+sI+tJ,        JI= R-r SI+ TJ.

Applying the assumption to e = / + U for / = 1 and — 1 in turn, we find that

IJ+ JI must be a constant. Hence S = —s, T' = — t. We may assume

that s and t are not both zero, since otherwise i PI— aj)l= 0. We show

that division by E m si+ tJ is not possible in general. If we express

(x 4- y 14- zJ)E in the form K+ LI+ MI, we find that tL = sM. Hence

arbitrary values cannot be given to both L and M.

Hence there exists an element e for which e2 is linearly independent of e.

We may therefore set i = e,j = c2.    Then

(I)        i2=j,      ij = b + ßi + Bj,     ji = a+ai + Aj,     f=d + 8i + Dj.

If a = 0 or b = 0 there exists no solution of Xi = 1 or iX= 1, respectively.

Hence a =}= 0, 6 4= 0 • Suppose that x3 — 6 — ßx — Bx2 = 0 has a root x = — w

in the field, and set /= i -\-w, J=j + 2iw 4- w2.    Then

I2 = J,        IJ= b - ßw 4- Bw2 4- w3 + iß - 2Bw - ?>wt)I + iB + 2>w)J.

The constant term in Z/thus vanishes and the algebra is excluded. Similarly,

the constant term in JI is a — aw + Aw2 + w3 and hence would vanish if — w

is a root of x3 — a — ax — -4x2 = 0. Hence any triple algebra in a field F

not having modulus 2 may be given the form (I) with x3 — 6 — ßx — Bx2 and

x3 — a — ax — Ax2 irreducible in F.

To algebra (I) we apply the transformation of units,

,u = r* + st{a + b) + fid, \

(1)      I=r + SÍ + tj,     J= I2 = CO + KÍ + pj      (  * = 2rs + slia + ß) + t'-o, j.
\p = s* + 2rt + siiA + B) +t2D'

This transformation is valid when r, s, t are any marks such that s and t are

not both zero..   In fact, we show that

C = sp - tic = s3 + s2tiA +B) + st2iD-a-ß)-t38
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vanishes only when s = t = 0.    Replacing a,, a2, a3 by r, s, t, respectively,

we get

r        ta sb + ¿d

Ar =   s    r 4- ia        sß + t8

t    s + tA    r+ sB -\- tD

Denote the minors of the elements of the first row in Ar by A', A", A'". The

latter, and hence also Ar, can be made to vanish if there exists a set of solutions

s and t, not both zero, of (7=0. Indeed, we then have t 4= 0 and we can

determine r uniquely to satisfy A" = 0. But upon substituting this value of

r in tA" = 0 and t2 A' = 0, we get C = 0 and is + At)C=0, respectively.

Under the transformation (1) algebra (I) becomes.*

I2=J,        IJ=b'+PI+BJ,        JI=a'+dI+A'J,        J2=d'-rXI+I>'J,

B=3r + sB+t(a + D),        A' = 3r + sA + t(ß + D),

#= - 3r2 - 2rt(a + D) - 2rsB 4- s2ß + st(a +b + 8-rßA- aB)

+ t2id + 8A-aD),

«'= -3r2-2ri(/3 4-Z>)-2rs^4-s2a4- si(a + 6+ 8 + aB - ßA)

+ ?id + 8B-ßD),

b'=r3+r2t(a+D) + i*sB-rs2ß-rst(a+b+8+ßA-aB)-ril(d-r8A-aD)

+ s3b+s2tid+bA-aB)+st2(dA-aD+aß-ba)+t?(a8-ad),

d = rs+rit(ß+D)+rtsA-rs2a-rst(a+b-r8+aB-ßA)-rt2(d+8B-ßD)

+ 3ia+s2t(d+aB-bA)+st2(dB-bD+ba-aß) + t?(b8-dß),

D' = Gr2 4- 2rs(A + B) + 2r«(a + ß 4- 2D) 4- s2D

-rst[2a + 2b-8-riA+B)(a-rß + D)-\ + t2iD2-r2d-\-Dz+Dß),

8'^-Sr3- 4¡r2s{A + B) - 4r2t(a + ß + 2D) + 2rs2(a + ß - D)

+ rst[68-2iA+B)(a+ß+D)-] + rt2\128(A + B)-4:D(a+ß)~2D2]

+ s38 + s2t[28(A + B) + (a + ß)ia + ß - D)]

+ st2[8D + 28ia + ß) + 8iA + B)2-D(a+ß)(A-rB)-]

4- tr [82 + SB(A + B) - ¿)2(a + ß)] ,

d'=3ri+2r3siA + B)+2r3t(a+ ß+2D) + r2s2iD-2a-2ß)

4- r2t2\_D2 + 3Z)(a + ß) - 2d - 28(A + B)]

4- r^st [( J. + B)ia + ß + D) - 2a - 26 - 58]

*The simplest method of performing this computation is to identify the linear expressions in

i, j for Wand b' 4- ß'I-\- B'J, etc. Then a.', ß' and D may be found by a single division by C;

while a', V, d' follow without such a division.    The computation was checked in various ways.
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- rsH [(a + ß)(a + ß-D) + 28(A + B) - 40"] + rs3(2a + 26 - 8)

- rst2\_8D 4- 28(a + ß) + *(A + B)2 - 2d(A + B) + 2D(a + 6)

-D(a + ß)(A + B)] -rt~[8*-r8D(A + B)-Dt(a + ß)

+ 2d(a + ß)- 28(a + 6)] - t< [<P + dD{a + ß) - 8D(a + 6)]

4- st>\_8(a + b)(A + B) - 2d(a+6) - D2(a+b) + 8d + dD(A+B)

-d(a + ß)(A-rB)]+s2£t[dD + d(A + B)i-(a-rb)2-r28(a + b)

-D(a+b)iA+B)] -rsst[2d(A + B) + (a + b)(a-rß-D)]+s4d.

The set of all algebras (I) in which division is uniquely possible is invariant

under every transformation (1) with r and s not both zero. This property evi-

dently holds for the set of commutative algebras. It holds for the larger set of

all algebras (I) with A=B, a=ß, since then A'=B, d=ß". Within the latter

set of algebras there exist sub-sets such that each is invariant under the transfor-

mations (1) and such that d, 8 and D are fixed rational integral functions of

a, b, ß, B. The totality of all fields (I,) obviously forms such a sub-set.

We proceed to determine all such sub-sets. Under the assumption that A=B,

a = ß, we require that d', &, D shall be expressible as rational integral func-

tions of a', 6', ß, B, with coefficients independent of r, s, t, a, 6, ß, B.

Thus must D' = Xß 4- p.B , whence

9/lt_3\_6 = 0,      (â4-Z>)(6Ai-2X-4) = 0,      5(6^ - 2X - 4) = 0,

D = Xß+pBz,      (X-2)(a+b)-riX+l)8+2p.B(ß-rD)-2B(2ß+D)=0t

{X-2)d + X(8B-ßD) + (p,-l){D + ß)2 + ß2=0.

In case F has modulus 3 we assume * here and also below that F is the

GF[Zn] . Then if ß + D = 0 and B = 0, C= s3 - t*8 would be reducible.

Hence, in every case,

D = i$p-2)ß+piBi,

(a 4 6)(3/i - 4) + 8(3/* - 1) 4- 2ßBp(3p - 4) + 253/i(/* - 1) = 0,

(       d(Sp-4)+8B(3p-2) + Bip2(p,-l)

+ jB2&í(3/*-4)(2/í-1)4-/S2(m-1)(3/í-1)(3m-4) = 0.

Now it may be verified that also the last two relations hold true for the trans-

formed algebra. For each value of p, the set of all the algebras (I) in which

A = B, a — ß, and relations (2) hold is invariant under every transforma-

tion (1) with r and s not both zero.    Within each set, the sub-set of algebras

* Note that there exist infinite fields having modulus 3 suo'i that there is an irreducible fonc-

tion of the form x3 — z, e. g., the totality of rational functions of a parameter z, with integral

coefficients taken modulo 3.
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with a = 6 is invariant.   The sub-sets given by p = 0 and p. = 1 are respectively

(I0) i2 = j, ij =ji = b + ßi + Bj, f = 4bB-ß- Sbi - 2ßj;

(I,)   i2 =j, ij=ji = b + ßi + Bj, ? = bB + {b + ßB)i + iß+ B2)j.

Let F be any field (not having modulus 2) for which

f{x) = x3-b-ßx-Bxi

is irreducible. Then algebra (I,) is the^eW F(i). We proceed to prove that

the non-field * algebra (I0) has the property that division is always uniquely

possible.    For (I0) and (I,), Ar is, respectively,

r       tb        sb + t{4bB - ß2) \ r       tb sb + tbB

¡s    r + tß        sß+t(b + ßB)

\t    s + tB   r + sB-\-tiß + B2)

s   r + tß        sß+ti-Sb)

t    s + tB    r + sB+ti-2ß)

Now the latter is transformed into the former by the replacement of r, s, t by

r 4- ßt, s + 2Bt, — 2t, respectively, the transformation being valid since F

does not have modulus 2. But for a field, A vanishes only when r = t = s = 0.

Division is always uniquely possible in the non-field algebra (I„), where b, ß, B

are any marks of any field {not having modulus 2) for which xP—b—ßx—Bx2

is irreducible, f

Another remarkable family of algebras invariant under every transformation

(1) is the set of all algebras (I) for which

A=B,        a = ß=-^B2,        a + b + 8 + %BiD + ß) = 0,

d + eB-ßD + $iD + ß)2 = Q.

The last two equations may be given the form

8=-a-b-*BiD-\B2),       d= B{a + b)-\D2 + %DB2-^Bl,

so that A, a, ß, 8, d are given functions of a, b, B, D. But in this algebra

division is not uniquely possible for an arbitrary field F. Indeed, for

x = y + \B,

fix) = x3 - b + \B2x - Bx* = f 4 ¿jB3 - b.

But if F is the G F [ jt ], and pn is of the form 3¿ 4- 2, every mark is a cube,

so that/'(x) is reducible for every 6 and B.

♦Suppose, indeed, that algebras (10) and (I,) are identical. Then, if iMoes not have modu-

lus 3, ß = — ]B2, b = 2\B3, so that/(¡t) vanishes for s = |S. If F has modulus 3, then

ß = B = 0, and it3 — b is reducible in the G F [ 3" ] .

fFor the case i? = 0, this algebra was given in my memoir on finite algebras, Güttingen

Nachrichten, 1905, pp. 358-393.
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We next discuss the equivalence (under a linear transformation of units) of

algebras (I). Suppose first that F does not have modulus 2 or 3. Then we

can so determine r, s, t (s and t not both zero) as to make A' — B' =0. Hence

we consider (I) for A — B = 0. The algebra obtained by applying transforma-

tion (1) will have A' = B' = 0 if and only if

r=-\tia + D) = -\t[ß + D).

Let first a 4= ß-    Then must r = t = 0.    Hence /= si, J= s2j, and

b' = s3b, ß'=s2ß, d = s3a, a' = s2a, D'=s2D, 8' = s38, d' = s,d.

Now S 4= 0, in view of the irreducibility of C. Further a and ß are not both

zero, since a 4= ß. Hence s3 and s2 are uniquely determined. There is at

most one transformation converting an algebra (I) with A = B = 0,a=^ß,

into a similar algebra. Moreover, the conditions for equivalence are obvious.

Let next a = ß.    Then for A = B = 0, r = - (/3 + D)t/S, we have

a = ß = ßs2 + stia 4- 6 + 8) 4- t2[d + J(£2 - ßD + D2)],

a = as3+ s2t[d + $ß(ß + D)]+3-st2[8(ß+D)+aiD-2ß) + b(iß-2D)]

+ t3[b8 + %d{D - 2ß) 4- 3V(/S+ D)(fi - 2D)i2ß-D)],

D = Ds2 4- si(2« 4- 26 - 8) + §<2(6tZ + D2 + 2ßD - 2ß-),

8' = 8s3 4 fs2í(2/3 - D)2 4- st28i2ß -D) + t3[8¡- -^(2/3 - i>)3],

the value of 6' being derived from a by interchanging a with 6, while the long

expression for d' will not be required.    Set p = D — 2/3.    Then

p' = ps2 - S8st - $p2t2, a - b' = (a - 6) C,  C s s3 + pst2 - 8t3.

Since 8 4= 0, we may apply a preliminary transformation and make p 4= 0.

We proceed to determine all the transformations of the algeba into itself. For

t = 0, the transformation is the identity. Let t 4= 0 henceforth. For a non-

commutative algebra a very simple treatment is possible. Since a 4= 6, we have

(7=1.    Hence8'-8C=0, viz.,

s2p2 - Zst8p 4- <2(382 4. p3/9 ) = 0.

Combining this equation with p = p , we get tVR = =f 3p, where

P = - 2782 - 4p3 = discriminant of C; Ii 4= 0.

Note that, if  F is the GrF[;jn], R is a square.    Indeed,  the roots of the

irreducible equation x3 4- px — 8 = 0 are X, X''", X'''", where X'''" = X.     Hence

R = P\ P= (X-X"")(X-X»J")(X**-X"!"), P»' = P.

The preceding quadratic equation now gives (=ps|//i — J98)2 = | R.    The
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quantity in parenthesis must equal =h \v' R, this determination of sign being

necessary in view of (7=1.    Hence

t==p3p/v'R,        s-JzFjgS/i/Ä.

For this result we proceed to give a proof valid for both commutative and

non-commutative algebras. Set p = kl2, 8= kl3, s = ylt. Then the equations

8' = 8 and p — p become

1 = fiPtf + |%2 - ky +k+ &k2),        1 = t2l2(y2 -By- |i).

Squaring the first, cubing the second, and eliminating tl, we get a quintic equa-

tion Q = 0 in y.    It becomes simpler if we set k = — 9w — &£-.    Thus

l = 8/p,       k = P3/82,       w = R/S682.

Hence w 4= 0.    Removing the factor Sw from Q = 0, we get

4xf - 3(4w + 7 )y* 4- (32w> + 36)^ + 3(u> + f)(8to - 6)y2

- 36(w 4- i)*y - S(u> + |)2(4w> - 9) = 0.

The left member is seen to factor.    Hence

iUV=0,  U=y2-Zy-w+\,   Vm y3 - 8(w 4- f )y2 4- 8(w 4-1)2.

Since the cubic function C is irreducible in the field F, the same is true of V.

Indeed, if we make the above substitutions in C, using capital Y to avoid

confusion, we get

C=W[P-9(M + i)F+9(«, + |)].

For Y= 3 ( w> 4- f )/y, the quantity in brackets becomes 9(w + | ) F"/1/3.

Hence V 4= 0. Then £7= 0 gives y = | ± | VR¡8. From the two above

equations whose first members are unity, we get t uniquely. The resulting

values of s and t are those given above.

The two transformations (1) given by these two sets of values of s and t are

inverse operators. Hence an algebra invariant under one is invariant under the

other. We find that the conditions that ß shall equal ß for 6o¿/t sets of values

of s and t are equivalent to the following:

(3) ia + b)iD-2ß) + 8ÍD + ß) = 0,        3d=ß-D2.

But these relations are equivalent to relations (2) for B = 0. Hence the

family of algebras (I) with A=B=0,a = ß, and satisfying conditions (3),

is invariant under every transformation (1), so that relations (3) hold true

when written in the accented letters. Hence from the fact that the two sets of

values of s and t satisfy the relations ß = ß, 8' = 8, D' — 2/3' = D — 2ß,

a — b' = a — b, it follows without computation that they satisfy relations

D' = D, d' = d, a = a, // = b.    We have now proved the
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Theorem. Let F be any field not having modulus 2 or 3. Consider the

algebras ( I ) for which the cubic function C is irreducible in F. By a pre-

liminary transformation of units we may make A = B = 0. Then the only

algebras which admit more than one transformation (and hence three transfor-

mations) into themselves are the algebras with a = ß and satisfying con-

ditions* (3) and having the discriminant R of C a square in F. When F is

a finite field, R is always a square.

It remains to treat the case when F is the G F [ 3" ]. Then every mark is

a cube. Applying a preliminary transformation, we may set B = 0. Since

x3 — b — ßx shall be irreducible, 8 is not zero. In view of B', every transfor-

mation of the algebra into itself must have Z(<*4-.D) = 0.

Let first a + D 4=0. ThenC=0. Hence ß = s2ß, 6' = r3 - rs2ß + s3b.

For a transformation of the algebra into itself, s2 = 1, 6 = r3 — rß + sb. The

case s = — 1 is excluded since r3 — rß + 6 is irreducible. Hence s = 1, r3 = rß.

It was shown above that the discriminant — 2762 4- 4/33 of an irreducible cubic

x3 — ßx — 6 is a square. Hence ß is a square in the G F [ 3" ]. Now the

algebra is transformed into itself by /= i 4- /3* if and only if

A = 0,a=ß, D = ß, 04-64-8=0.

There remains the case B = 0,a + D=0. Then B' = 0, a + D' m 0.

By a preliminary transformation we can make also -4=0. In view of A',

every transformation of the algebra into itself must have t(ß + D) = 0.

Since C shall be irreducible, D — a — ß 4= 0. Hence t = 0. As above,

s = l, r3 = rß, a= ß.    Hence D — a — /3=0,so that this case is excluded.

Noting that for modulus 3 the conditions on the algebra cited in the above

theorem require that a 4- D 4= 0 in view of the irreducibility of C, we may

state that the theorem holds true when F is the ^[3"].

Theorem.     When F is the GF[pn], p>2, all the algebras (I0) for

which x3 — 6 — ßx — Bx2 is irreducible in F are equivalent.

For this algebra we have

C = s3 4- 2s2tB - 4ßst2 + 8bt3.

We prove that C vanishes only when s = t = 0. For t 4= 0, set s = — 2crí.

Then C = — 8? ( o-3 — 6 — ßa — Bo3 ). Hence C 4= 0. In view of our earlier

results, the family of algebras (I0) is invariant under the j>n{ï>2n — 1) trans-

formations (1) with s and t not both zero ; while each algebra is transformed

into itself by exactly three transformations. The theorem will now follow if we

show that there are exactly Ip* ( p** — 1 ) irreducible cubic functions in the

* That these conditions are necessary may be shown without computation. For ß 4= 0, D 4= 0,

there is more than one transformation only when the quadratic functions ß' and D' are identical,

apart from a constant factor, the conditions for which are (3). Otherwise ß'/Lf = ß/D would

uniquely determine s¡l. The same argument applies to the cases ß =-0, ß'dpQ; Z) = 0, iy^O.

When flsO we have a special case of (3).    The case ß's0 requires separate treatment.
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G F [/»"]. But we readily enumerate the reducible cubic functions. Of those

with three linear factors, p* have three equal factors, p"(pn — 1) have just two

equal factors, and \pn(pn — l)(p* — 2) have distinct factors. Finally, there

are ^p2" ( p" — 1 ) cubic functions with a linear and an irreducible quadratic factor.

The theorem is readily extended to other sets of commutative algebras satis-

fying relations (2).    In particular, it is true for (I,).

As an illustration of the use of the above transformation theory, we determine

the non-equivalent algebras in the G F [ 3 ] such that division is always uniquely

possible. As above, we may set B = 0. Then x3 — 6 — ßx must be irre-

ducible, so that 62 = 1, ß = 1. By the transformation which merely changes

the sign of ¿, ß is unaltered, while 6 is replaced by — 6. Hence we may set

6 = /3=l. Now <f> = x3- a-ax-Ax2 and Cm s3+s2tA+st2iD-a-l)-t38

must be irreducible. Under the transformation /= i — 1, J=j + i 4-1, the

algebra becomes a -similar algebra with

a'=a-\-a+A — 1, d = a— A, A' = A,

D'=A + D,        8=a + 8-A-D,        d' = a + a + A + d+8 + D-l.

Let first A = 0. Then a2 = 1, a = 1 by 0 ; 82 = l,-Z>+«4-l = l by

C, whence D = 1. The transformed algebra differs from the original only in

d' and «" = «" 4- a 4- 8 + 1. Ifa4-84-l4=0,we can make d' arbitrary (by

a repetition of the transformation) and hence make d=8. Then ij— 8i—D)j= 0.

Hence a4-84-l = 0,so that a = 8 = l,d=^l. For d = 0, the algebra is

the GF[33] .    For d = — 1, it is a case of algebra (I(l).

Let next A 4= 0. By a repetition of the above transformation, we can make

a = 0. Then a + A = 0 by <f>; either D = 0, A 4= 8, or D 4= 0, A = 8, by
C. For the first case, a=D = Q,a = 8,A=— 8, 8 4r 0, d 4= 8 ; then if

d = 0, Ar vanishes for r=t = l,s=0; if d = — 8, the first row of Ar is 8

times the third row for r=8,s = 84-l,i=l. Hence must D 4= 0, A = 8,

a=-8,a = 0, 8 4=0, ¿4= 8. Then Ar for i=l, s==0, becomesr2D-rd-1.

Hence either D = — 1, a" = 0, or else D = 1, d 4= 0, whence d= — 8. In

either case Ar vanishes only when r = s = t = 0. For example, if i = l,

s = — 1, Ar = =p ( r2 — 8r — 1 ).    The resulting algebras are *

i2 —i« § — 1 + *> ß — =F 1 ±7% i2 = ± i -i;

*2 —ii y' = 1 4 i, j¿ = 4= 1 ±J, j2 = =F 1 ± * +./•

No two of these algebras are equivalent under a transformation  (1).    Since

B = a = 0,  Z>4=0,  B=tD.    Hence   B = 0   requires that t = 0.     Then

s 4= 0, at' = rsA .    Hence d = 0 requires that »• = 0.    But the transformation

which merely changes the sign of i does not preserve the relation ij = 1 + i.

* If in A for the field i'=j, ij= 1 4 •ii2==J+J; we replace r and s by r — í and s+ í ; r by

r + < ; s and / by s + < and —< ; f by —t, we obtain the determinant A, of the four algebras,

respectively.
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Theorem. When F is the GF[3] there are exactly six non-equivalent

algebras in which divisio?i is always uniquely jiossible. The two commuta-

tive algebras fall under (I0) and (I,).

Finally, I give a representative of each of the 36 non-equivalent sets of non-

commutative algebras in the GF\p~\ in which division is always uniquely pos-

sible. The two existing types of commutative algebras are given by (I0) and

(I,), and are not listed.    The tables relate to formula (I) with A = B = 0.

6 = 2, ß — l 6--2,,3 = 2

a       a       d        8        D a        a       d        8        D

1 -2 0 ±1 -1 1 ±2 -1 1 0

-11111 1 =p2 2 ±1 -1

-1 1 0 ±1 2 1 ±2 2 -2 1

-1-1 1 2 -1 -1 q=l 1 ±2 0

-1   -1 0 ±2 -2 -1 ±1 -2 =f1 2

2 ±2 -1 ±1 0 -1 ±1 -2 -1 -2

2   q=2 2 ±2 1 -2 1-11 2

-2   ±1 1 1 0 -2 1 0 ±2 -1

-2   ±1 -2 ±2 2 -2 -1 -1 2 -2

-2   ±1 -2 -2 -2 -2 -1 0 ±1 1

§ 3.   Derivation of an mk-tuple algebra from an m-tuple algebra.

From an »i-tuple algebra in a general field F, we readily deduce an mk-tuple

algebra. We take as F the field f(p) obtained from the field /' by the

adjunction of a root p of an equation of degree k, irreducible in f. Then if

e,, • ■ •, em are the units of the given algebra in F, we take the products

erp'(r=\, ■■■, wt; s=0, 1, •••, k — 1) as the mk units of the desired

algebra.

By way of illustration, we construct from (I0) a 6-tuple algebra, which will be

employed later. Let F be the field fip), where p2 = v, v being a not-square

in /. Set b = a + cp, ß=a + yp,B = A+Cp, pi = k, pj =1. We ob-

tain the 6-tuple algebra in f:

(II)

p* = v, pi = k, pj =1, pk= vi, pl=vj, i2 =j, ik =1, k2= vj,

ij = a + cp + ai 4- yk + Aj 4- Cl, il = kj = vc 4- ap + vyi 4- ak 4- v Cj+Al,

j2=4aA+4vcC- a2- vy2+(4aC+4Ac-2ay)p-8ai-8ck-2aj-2yl,

I2 = vj2, jl = pj2, kl = va 4- vcp 4- vai + vyk + vAj + vCl;
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the value of j2 to be inserted in I2 and jl. Similarly, from (I') we deduce a

field (II) whose multiplication-table differs from (II) only in the values of

j1, P, jl» It may be shown that the determinant A (a) of (II') can be trans-

formed into that of (II). Since the algebras (I0), and hence the algebras (II),

are all equivalent, it suffices to make the proof for the case _á=C = c = 7=0.

With the notation ax + a2i + aj + a4p + ask + afl for the general element,

the determinant A(a) of (II') becomes A (a) of (II) upon replacing a, by

a, + aa3, a4 by a4 + ««6, a3 by - 2a3, a6 by - 2a6.

§ 4.    Commutative algebras with four units, 1, i, j, k.

Let F be a field not having modulus 2. By a transformation of units we

may make * i2 =j. Indeed there is some element e such that e2 is not a linear

function of e and we may set i = e, j — e2. For, suppose that for every ele-

ment e, e2 is of the form re4-s. Then ¿2 = aí4--4. Let 1= i — a/2.

Hence I2 = A 4- a2/4. Proceeding similarly with j we may set i* = a,f = ß.

Let ij = »', + r2i + r3j 4 rtk.    Then, for arbitrary I,

(i 4 lj)2 = «4^4 2lrx 4- 2lr2(i + lj) + 2lj(r3 - lr2) + 2lrAk

must be a linear function of i + lji.    Hence r2 = r3 = r4 = 0.    Hence

i2 = a,        ij = rx,        i(rxi — aj) = 0.

In a 4-tuple algebra with i2=j, we may set ij = k. For, suppose that

ij = a 4- bi 4- cj with no term in k and that ik = c, + c2i -\- c3j 4- ctk.    In

(lx + l2i){xx 4- x2i + x3j + xAk),

the coefficient of kia (¿, 4 l2ct)xt and hence may be made zero by choice of lx

and Z,, not both zero.    The above product could not then be made equal to k,

so that division by lx + l2i would not always be possible.

Consider a 4-tuple algebra of the form

i ¿2 = j, ik = ki = c, 4- c2i + cj + ctk, f = dx + d2i + d3j + dtk,

(III)   \
l y =ß = k, jk = kj = kx + JeA + k.J + ktk, k2 =sx + s2i + s3j + sAk.

Suppose that dt = 0.    Then the constant term in the product

('*» + lJ)(xi + x2l + «y + x*k)

is (c,^2 4- kxl3)xt and hence may be made zero by choice of l2 and l3, not both

zero.    The product is then never 1, so that l2i + l^ would have no inverse.

Hence a", 4= 0.

We can now prove f that there is no root in the field F of

E = x4 — «*, — d2x — d3x2 — dtx3 = 0.

*The same argument applies to algebras with m units, »1 > 2.

f The analogous theorem on algebras with »1 unit» is proved similarly.
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Suppose that E=*0 has in F the root x = — w.    Let

I=i + w,        J=j + 2wi + w2,        K= k 4- Swj + dw2i + w3.

Then I2 = J, IJ~= K, while the constant term in J2, expressed as a linear

function of /, J, K, is dx — d2w 4- d3w2 — dtio3 — w*, and hence is zero.

Hence the algebra is equivalent to one of the form (III) with dx = 0, contrary

to the above result.

Next, the function E is not the product of two quadratic factors with coeffi-

cients in F.    Indeed, if E <= (x2 — px — q)(x2 — rx — s), then

(j -pi -q)ij-ri-s) = 0.

The preceding results lead to the following

Theorem. In afield F not having modulus 2, a quaternary linear algebra

in which multiplication is commutative and division is always uniquely

possible is equivalent in F to an algebra of the form (III) in which

E = x* — dx — d2x — d3x2 — d4x3 is irreducible in F.

For algebra (III) the determinant A(l) is

dx l3 4- kx lt c, /2 4- kx l3 4- s, lt

d2l3-rk2lt Cih + Kh + ^h

h + dj3 + k3lt csl24- A,J» + *ih

h + dJs + Kh h + ctl2 + kj3 + sj.

The problem is to determine c., d¡, k., s< (i = 1, 2, 3, 4) in F so that A(l)

vanishes only when each L vanishes. We apply the principle * that any algebra

(III) is equivalent to one of like form in which the d{ are given marks for which

E is irreducible in F.

First, let F be the field of order 3. Since x4 — x — 1 is irreducible modulo

3, we set dx = d2 = 1, d3 = d4 = 0.    For l3 = lt = 0, (4) becomes

l\ + cj3xl2-c3l\l22+c2lxl32-cxl2.

Since it shall vanish only when Z, = l2 = 0, the c{ must satisfy one of the four

sets of conditions in the G F [ 3 ] :

( c, = 1, c3=0, c24- c44= 0;    c, = 1, c34= 0, c2 + c4 — 0 ;
(5)     \

[ c, = — 1, c3 = - 1, c2 4- c4 4= 0 ;    c, = — 1, c3 4= — 1, c2 + c4 = 0.

For lt = 0, l3 4= 0, we may set Z, = xl3, l2 = yl3, and remove the factor l3 from

(4).    In the resulting function we give to x, y in turn the 9 pairs of values 0,

*See p. 30 of my memoir, cited above. Compare next to the last theorem of \ 2 ; also the

verification of the principle for algebra (IV) below.

(*>

lx cxlt

h   h + cj,
l3    l2 + c3lt
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0; 1,0; •••; —1,-1.    Hence no one of the nine resulting expressions is to

vanish :

(6)

k2 — kx,        fc3 — kx,        c, 4" C2 — c3 + Cj + kx 4" k2 — k3 -\- kA,

*s      *i i ^2 ~~ "s — ^4   •     2   '     3   ■     4 '

c2 - c3 + K - *»«        - I - ci - c2 + c4 4 A, + A2 - ¿4,

1 — c, — c2 — c4 — A;, — fc2 — k^,        c, 4" c2 — c3 — Jcx — k2 -{- tc3.

For each set of c's given by (5), one readily determines the sets of k'a satis-

fying (6). For example, if c, = 1, c2 = 0, c3 = 0, c4 = 1, we must have

kx = 1, k2 = — 1, k3 = 0, ki = 0. It remains to examine (4) for Z4 4= 0. In

view of the homogeneity, we may set lt = 1. For (¿,, l2) — [1, — 1) and

( 0, 0 ), (4) becomes respectively

(Z3-s2)(Z24-l)-s3(Z2-K-l)-s4,    (Z3_s2)(Z24-g-s3(Z3-l)4-s4(Z2-/3).

Neither is to vanish for any value of l3.    Hence no one of the expressions

s2-s3 + si,    l + s24s3-s4,    -1 4- s2-s3-si,    s3,    s2-l,    s3 + si

is to vanish. Hence s2 = 0, s3 — 1, s4 = 0. Then (4) vanishes for lx = 0,

l2 = l, l3= —1. In the same manner are excluded all cases in which c, = 1,

c3 = 0, except the GF[o"]. If c, = 1, c2 = 0, c3=l, c4 = 0, then

[kx,k2,k3, ¿4) = (0,1, -1,0), (1,0, 0,0), or (-1,0,0,-1); the first

is excluded, while for the second we must have s, = 1, s2 = 1, s3 = 0, s4 = — 1,

and therefore

i2 =j,        ij =xji = k,        ik=ki = l +j,       jk = kj = l,

^     ' f = l + i,        k2=l + i-k.

A computation showed that, for algebra (IV), A(¿) vanishes only when every

1=0.    An immediate proof will be given below.    In (IV), set

(7) I=a + ßi + yj + 8k,        J=F,        K=IJ.

Then condition that \, I, J, K shall be independent units reduces to

ß 7 «

82 + y2    ß2-ß8 -82-ßy 4=0(mod3).

- 83     83 -ß2y   ß3 - ß28 + y3 + 83

But this determinant vanishes only when ß = y = — 8 ( mod 3 ). Hence there

are exactly 3 ( 27 — 3 ) = 72 valid transformations (7). Exactly four of these

transform algebra (IV) into itself, viz.,

T:        I=i-j,        J=l + i+j + k,        /f=-l + ?,
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and T2, T3, T* = identity. Hence there are exactly 18 algebras with I2 = J

and IJ= K, which are equivalent to (IV). To obtain them, we apply trans-

formation (7) with (ß, y, 8) = (0, 0, ± 1 ),(± 1, 0, 0),(0,1,1 ),( 1* 1, 0),
and replace a by a ± 1 in the first case, a by a 4 1 in the third. The result-

ing algebras are

IK J' JK

1 — a/4 J+aK\ a1=Fa — l±J—J+aKa±l—a.1I+(a!l—\)K

1 — aI+J + aK\—a!=Fa414(a±l)/4aA'';    ±1— a'l+a'K
—ï-a'+al+atZ, aï+l — J+aK j 1+ aJ+ (a* — \)K

—\-a2+«l->r<xK 1—aI+J+aK '. a+I+aJ+ia*+l)K

K'

-l—iai^l)I—J—(a±\)K

l — d'±J—ia±l)K

1 + aI + J—aK

— 1 + aI+J—aK

If we add — x* to the various functions in the second column, after replacing

/, J, K by x, x2, x', respectively, we obtain the 18 existing irreducible func-

tions of the fourth degree modulo 3. We have therefore verified the principle

cited above.

Special attention should be given to the algebra in the third line of the table

for the case a = 0, viz.,

(V) I2 = J, IJ= K, J2 = l-J, IK=- 1, JK= I- K, K2 = 14«/-

Its determinant A ( / ) equals Fx , + Fs¡ 4, where

FXi y = x1 - 2x3y - x2y2 + 2xy3 4 yK.

Since FctV = (x2 + y2)2 (mod 3 ), A(l) vanishes only when each /; = 0.

Next, let F be the field of order 5.    Since x* — 2 is irreducible modulo 5,

we set dx = 2, d2 = d3 =■ d4 = 0 in (III).    Then, for l2 = lA = 0, (4) equals

C.-2/-)('î + Ws-Vs)-

Hence the second factor must be irreducible modulo 5, so that k'2 — A-, must be

a not-square, viz., 2 or — 2.    Thus

(8)    (*„*,)-(<>, ±2),    (±1,8),    (±1,4),    (±2,1),    or    (±2,2).

If we set /= 2i, J'= —j, K= — 2/', we get

I2 = J,        II =K,        ,P = 2,        IK=cx-2c2I-c3J+2ciK,

JK= 2kx + kj- 2k.,J- kkK.

Hence we may change the sign of /:, without altering k2. Hence we need retain

only the upper signs in the last four cases of (8). Consider tho case k4 = 0,

k., = 2. By repetitions of the above transformation we can multiply c4 (or c2)

by any power of 2 ; hence there are three sub-cases : c4 = 1 ; c4 = 0, c, = 0 ;

c = 0, c, = 1. By an investigation entirely analogous to that employed above

for the case modulus 3, but here much  more laborious, I found that the cases
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c, = 0 and c, = ± 1 are to be excluded, while for c, = 2 the only algebra is the

G F [54 ] . For c, = — 2, I examined only one of the three sub-cases cited

above, viz., that for which c4 = 0, c2 = 0, and found that we must have c3 = 0,

kx = k3 = 0, s, = s2 = s4 = 0, s3 = 2.    The resulting algebra is

(VI) i2=j, ij - k, ? - 2, ik - - 2, jk = 2i, k2 = 2i.

For it A (I) is seen to equal (Z2 - 2l\)2 + 2(l\ - 2l\)2. Since 2 and - 2 are

not squares, A (I) vanishes only when each I. vanishes.

Let F be any field for which — 1 is a square and v is a not-square. Replac-

ing 2 by v in (VI) we obtain the algebra

(VII) i2 =j, ij = k, j2 = v, ik = — v, jk = vi, k2 = vj,

A(l) = (ll-Vl¡)2-rV(l22-vl2y.

Seeking a generalization of algebras (V) and (VII), we set

(III') i2=j, ij = k, f = dx 4- d3j, ik=cx, jk = k2i + ktk, k2 = s, + s3j.

The simplicity of our proofs that division is always uniquely possible in alge-

bras (V) and (VII) is due to the fact that for each A (¿) equals the sum of a

function of lx, l3 and a function of l2, lt. We now require that (III) shall

have the same property.*    The conditions for this are found to be

s, + s3kt = 0, k2 4 2c, 4 s3 = 0, 2s, — 2c,d3 = 0, dx + k2 + 2c, = 0,

2c,k2 4- s3k2 + s3dx — sxd3 + sxkt = 0, k2cxd3 — k2sx = 0,

k4dx 4- c,cZ3 = 0, d3sx — k4cxd3 — s3dx — 2k2cx — k2dx = 0.

The coefficient — s3c,yt2 of l\ in A(Z) cannot vanish. Hence the above condi-

tions are satisfied if and only if

*Note added May 25, 1906. It may be shown that, if the general algebra (III) has this

property, d2,dt, klt kSi s2 and s, all vanish, so that (III) reduces to ( III'). As at the beginning

of § 5, we must have c2 = e:t = ct-=0, r¡ + 0. Also s4 = — k.¿, since the coefficient of l\It in (4)

must vanish. I expanded determinant (4) with these values inserted. Since the coefficients of

¡Vit 'ï's'si MI'íi 'i'î'si 'l'ï'n 'i'ji 'i'î'Ii llhh-, 'í'ii'o 'i'4. h'Ji'i mist vanish, we have
respectively,

t, = — c, d¡,        k, — — d2,       s, = r, dt,        *, --- — rf, — 2r,,        s, = rf,,

rf,rf2 — c,rf,— i,rfï<,4= 0,        <V'24 3f,</, f c,rf4i-4=0,        f/,</_, — r,rf,— «,</, = 0,

eirf44-rftrft_rf,rf44-0,        t?rf4 — c,rf,<f44»i<Z2 = 0,        2«, 4fj«fî — di — 2-,rf3=-0.

Since the terms involving /, and l2 alone are /J — e^\, cx must be a not-square.

The oonditious arising from other coefficients are not needed for theargument. From the two

conditions preceding the last, we derive s, <f2 = c, d, d3. If (/,=(= d, the last condition now becomes

c,d4— d2=0, which is impossible, e¡ being a not-square. Hence d, 0. The above condi-

tions are seen to require that </, = 0.
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sx = cxd3, s3 = dx, k2 = — dx—2cx, a;4 = — cld3dx\ (4«", + fZ3)(c, 4- dx) = 0.

The two sets of solutions are

(9) a, = — c,, s3 = — c,, s, = c, d3, k2= — c,, kt = a3 ;

(9')           a", = s3 = - \d\, s, = c,rf3, k2 = {d\ - 2c,, kt = 4c, J-1.

For these respective sets of values

(10) A(l) = Fllik-cxFhi!i,        F^^ixt-rd.xy + cy)2;

(10') F^m [x + $d3yy[x2 + 4cxd;lxy + (2cx- id23)y2].

In the latter case A(Z) vanishes when lx = l2 = cZ3, Z3= lt = — 2. Hence the

set (9') is excluded. In order that A(Z), given by (10), shall vanish only when

each I. vanishes, it is necessary and sufficient that c, be a not-square and that

z2 4- d3z + c, be irreducible in the field F.    We obtain the algebra

Ç i2=j, ij=k, ik=c, f=—c+dj, jk=—ci+dk, k2=cd—cj,

[ c and d2 — 4c each a not-square in the field F.

Note that kj = (i/')j = i{j2)> k2 = i (JA) ; also that the sub-algebra defined

by the units 1 utdj is a field. When F is the Galois field of order p", there

exists an algebra (VIII ). For, take as c any fixed not-square ; then when d

ranges over the p" marks, d2 — 4c takes 1 4- Up"— 1) distinct values each

not zero. But only \{pn — 1 ) of the marks are squares. Hence there is some

value of d for which d2 — 4c is a not-square.

A noteworthy generalization of algebra (VIII) may be obtained by making

the transformation

I=i+t,        J=j +2it + t\        K= k 4- %jt + 3i¿2 + t3.

Simplifications arise if we set 8 = d — 2i2, 7 = c — t2d + t\    Then

P = J,        IJ= K,        IK= y + t28 + 4t3I- 6t2J+ 4tK,

J2-y - 2t8I+ (8 - 4i2),/4- 4tK,

(IX)     JK= 2hi? + (8*4- 4i'S - y)1- 20<V+ (8 + 12i2)7T,

K2 = y8 + t282 + Wy + 8tl8 + (32i5 - 4i38 - 4ty)I

-f ( _ y - I0t28 - 64i')t/+ (6<S + S2t3)K,

82 — 4y and 7 4- t2 8 4- i' each a not-square in the field.

§ 5.   Commutative algebras icith 6 ïtnits.

We seek an algebra such that, if the general element be given the notation

ri + r2* + r3J + r4k + rb^ + ?>6OT'tne determinant A(r ) shall equal the sum of a

function of >•,, r3, r5 and a function of j'2, rt, r6.    Set

Trans. Am. Math. Soc. «6
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(11) ¿2 =j, ij = k, ik = I,  il==m, im = c, 4- c2i + cj + ctk + csl + cem.

For r3 = r4 = r5 = r6 = 0, A ( r ) equals

r¡ + r\r2ci - r\r\cs + rlrlc4- rlrtc3 + rxr¡c2 - r\cx.

Hence must c2 = c3 = c4 = cs = c6 = 0, c, 4= 0.

We are seeking the algebra in 6 units which corresponds to algebra (VIII) in

4 units. For the latter, the first and third units, 1 and j, form a sub-algebra,

while the rest of the multiplication-table of the units may be deduced by the

associative law, viz., jk = i(ß), k2 = i(Jk). For the 6-tuple algebra we there-

fore assume that the units 1, j, I form a sub-algebra and that

(12) jk=i(f), k2=iijk), lm=iil2), m2=i(Z»i), kl=jm=iijl), km=i{jm).

Hence the algebra must be of the form *

i2 =j, ij =k, ik = l, il = m, im = c,

(X)
f=d1+d3j+d¡l,        l2=mx+m3j+m5l,       ß—ft+fj+ftl*

jk=dxi-rd3k-\-dbm, Im=m,i+m3k+m5m,   kl=jm =fxi +f3k-\-f m,

{ k2=dxj-\-d3l+d!>c,    m2=?nxj+m3l+m5c,    km=fxj-rf3l+fsc,

it being understood that multiplication is commutative, ij =ji. etc.

The determinant A(r) of (X) with certain rows and columns interchanged is

(13)

Ax Bx

A2 B2

A3 B3

Ex Dx

E. D,

^    A

rsc Eic D3c

r2    Ex    Dx j

'•4    E2    D2

r.    A,    B,

A2    B2 !

A3    B3 !

A=       r¡dx+rJ,, 7?,=

A2=rx+r.ß3+rJ3, B.,=

rí/i+vni« Ei=   rA+»*í/ii Di=

r*fs+r,™$> E2=r2+r4d3+rJ3, D2=

r4fl+r6mi

r4/s+r6mr

A3=      r3d,+rj\, B3=rx + r3f+r.m., E3=      rß^+rj» D^^+^f+r^.

We desire that (13) shall equal

*I was first led to this algebra by postulating (11), giving to 1, i,j, k, l, m the weights 0,

1, 2, 3, 4, 5 ; assuming that, if the sum of the weights of two units is even (odd) their product is

a linear function of the units of even (odd) weight; finally requiring that the matrix of the

determinant ±(r) shall take the form (13), viz., ("¡¡¿), where the rows of matrix B' form a

cyclic permutation of the rows of B, aside from the factor c. These properties correspond to

those of algebra (VIII).
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(14)

Bx 2

B2

B,

— c

Ex Dx

E2 D2

E,   D,

and hence that the remaining terms in the Laplace development of (13) shall

vanish identically.    The conditions for this all follow from

mi = — cfsi m3 = °d5, fi = — c — cds, f3 = — dx, d'l — cd3db — cd3 + cf5 = 0,

c + cd5 4- cd\ 4- dxfb = 0, fxm5 + cf¡ - cdx = Q, dxmb + cd3 + cdjb.

From these we derive

cms m> ( — cdi — cd¡ - dxfb ) mb = cdbif\ - mb - mbd5 ) + fs ( - dx mb - cdj3 ),

and hence cmb = cdbdx +cfbd3.    But c 4= 0.    We may now readily verify that

the above set of conditions is equivalent to the following :

(15)

(16)

mi = - cf^ ™3 = cd„ mb =dxdb+ d3f5,

fx = - c - cdb, f3=-dx,fb = d3 + d3db - c-

c2 + c2db + c2d\ + cdxd3 + cdxd3db - d\ = 0.

ld\,

It remains to impose the condition that (14) shall vanish only when every r\

vanishes. Now the second determinant in (14) is the same function of r2, rt, rg

that the first is of rx, r3, rb. Hence we must take c to be a not-square and

require that

(17)

Ax

A2

A. B,

shall vanish only when rx, r3, rb all vanish. Now (17) is the determinant A(r)

of the subalgebra (1, j, I). We proceed to determine the conditions under

which the latter is a field. Now db is not zero.* For, if db = 0, then m3 = 0,

and the elements of the fifth row of (13) would all vanish for r3 = r4 = 0,

rx = — rbf3, r2= —ref3- Hence we may take as the units of the subalgebra

1, j, L = dx + d3j 4- dbl.    Then

(18)

/•- L,      jL = (/5 4- d3)L + (a, + dbf3 - d3fb)j + djx -fbdx,

L2 = {d23+dbmb+2dx+2d3fb)L + {äim3+2d3dbf-d3dbmb-2dlfb)j

4- d¡mx 4- 2a*3d5/, - d\ - dxdbmb - 2dxd3fb.

* We do not retain the condition ¿5 + 0 in the final theorem. For, if d6 = 0, we multiply

( 19 ) by d\ and set z = dxy. After eliminating d3, we get (z-{- <?)2(z — dj)=0. Hence the

cabio is reducible if d. = 0.
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The three conditions for the identity j{jL) = L2 are seen to follow from rela-

tions (15) and (16).    Hence the subalgebra (18) is a field if

x* - (/« + d3)x2 - (rf, + dbf3 - d3fb)x +fsdx - dbfx = 0

is irreducible in F. Multiplying the left member by c3, setting y = ex, and

applying (15), we get

(19) y3- (2cd3+cd3d6-d2x)y2-icdx-cdxdb-cd\-cd\db + d2xd3)cy-c* = 0.

Theorem. For any not-square c and any marks dx, d2, d3 such that the

cubic (19) is irreducible in the field F, and such that condition (16) holds,

formulœ (X) with the amplification (15) define a non-field algebra in which

division is always uniquely possible.

We proceed to prove the existence of an algebra (X) for any Galois field of

order pn, p > 2. It suffices to take db = — 1. Then (16) becomes c2 — d\ = 0.

We take c = p3r, dx = p2r, where r is any odd integer and p is a primitive root

of the GF\_pn~\ . Hence c is a not-square and (16) is satisfied. In the simpli-

fied form of (19), we set

y = d\z,        cd3 = d\{r+l).

The factor d\ may be removed.    The resulting equation is

(20) 8s — TO* — (T+8)*— 1—0.

Now d3 and hence also t may be chosen arbitrarily. But there exist values of

t for which (20) is irreducible in the G F [pn] • Indeed, if a cubic is reducible

it must have a root in the field. But (20) does not have a root 0 or — 1, what-

ever be the value of t. Hence, since t enters linearly, there are at most^"— 2

values of t for which the cubic has a root in the GF\_pn~\ . Hence there are

at least two irreducible cubics.*

§ 6. Non-equivalence of the 6-tuple algebras (II) and (X).

Lemma. Consider the field Fip) derived from afield F by the adjunction

of a root of an equation, irreducible in F,

(21) p»> = a0+axp + ... + am_lP-1.

The determinant Air) of the algebra Fip) has the factor

r0 + rxp+ ■ • ■ + rm_xPm-x.

*The cubic is irreducible when pn = 3, r + O; p" — 5, r+1; p" = 7, r + 2, —2, —1.

For pn = 3, there exist exactly six algebras ( X ) ; they are given by d¡ = — 1, rf, = 1, d¡ = 0 or 1.

d»=l, dl = o, <?3 = ±i; í?5 = i. «fi = ±l. í,=l.
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By applying (21), we obtain relations of the form

p»'+> = ß0 + ßxP 4- • • • 4- ßm^pm-\       Pm+2 = 7„ + 7,/> + • • • + ym^Pm-\ ■■■■

If L = »•„ f rxp + • • • 4- rm_xpm_1 is the general element ©f F(p), A(r) is

''o ^-i^o ^-í^ + ^-i^o ^-3ao+ ^-2r50+ »•„_! 70---

'"i       »-0+^-1«! ^-2«!  + r„i-2^1 Vj^+^ft + Viï,---

»"2       ^t + ^-l^       r0+r»,-2a2+rm-lß2 rm-3a2 + »-m_2^2 + ^-l72---    *

^3       r2 + ',m-ia.1        ri + rm-2a3 + rm-,P3       r0 + rm-3a3+rm-2P3 + rñ-iy3---

Multiply the 2d row by p, the 3d by p2, • • -, the with by pm~l ; add the products

to the first row.    Then the new first row is L, pL, p2L, p3L, ■ ■ ■.

Theorem. Let F be the GF[p"~\,so that Fip) is the GF[pnm~\. When

all possible sets of values in the GF[pn~\ are assigned to r0, rx, ■•■ rm_x,

the determinant A(r) equals any chosen mark, not zero, of the GF\j>n~\

exactly (pnm —l)/ip"—l) times, and equals zero once.

Equations (21) has the roots p, pp", • • -, p'",<~""1'. Since A(r) has the factor

L(p), it has the factors Lippn) = L"", ■ • -, ü*"*""".    Hence

A(r) = L",        s = l+p"+p2n +-\-p^m-l).

If a is any chosen mark, not zero, of the GF[pnm~\ , the equation L' = a has

exactly s roots in the GF[pnm~\ , each determining one set of marks ri of the
GF[pn].

As in § 5, let Fl3b denote the determinant of a triple algebra which may be

identified with the GF[p3n] .    We shall prove the

Theorem. If b and c are marks of the GF[pn~\, p > 2, c being a not-

square and b not zero, the number of sets of solutions rx, ■ • -,r6in the GF[pn]

ofF\3b-cF22U = bis

(p°" — 1 )lip" — 1 ) if — 1 is a square ;

ipn + 1 )ip2n 4-pn + 1 )2 if — 1 and b are not-squares ;

(pn + 1 )(p2n + p" + 1 ) (p2n — 3/»" 4-1 ) if — 1 is a not-square, b a square.

There are^" + 1 sets of solutions x, y in the GF[pn~\ of

b = x2-cy2= ix + Jyy+x (</2 = c).

If — 1 is a square, there are exactly two sets of solutions in which x or y

vanishes, and pn — 1 sets in which neither vanishes. Applying the preceding

theorem for m = 3, we find that the number of sets of solutions r,, • • • t r. is
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2ipu 4-^4-1)4- (pn -l)(p2" +P" + l)2 = (p6" - 1)1(1? - 1).

If — 1 is a not-square, set — c = y2. If b is the square of a mark ß, then

x = 0, y = ± ßfy and x = ± ß, y = 0 are solutions. Hence the number of

sets r. is

4(y 4-?" + 1) + (pn - 3)(p2" +;>B + l)2.

But if 5 is a not-square, all pn 4- 1 sets of solutions have x 4= 0 » y 4= 0 » so that

the number of sets r, is (pn + \)(p2n + p" + 1 )*•

Theorem. IFÄen .F is ¿Ae Ér-F^"], p > 2, no 6-tuple algebra (X) is

equivalent to a 6-tuple algebra (II).

When — 1 is a not-square the statement follows from the preceding two the-

orems, since (§ 3) the determinant A (a) of (II) can be linearly transformed into

that of the GF [p6n].

When — 1 is the square of a mark v of the GF[pn], the proof will be

restricted, for brevity, to an algebra (X) for which

(22) c = i/3, dx = vl, d3 = v(2n — 1 ), db = — 1 (va not-square).

Then (16) is satisfied.    In (19) set y = v*z.    Then

(23) z3- (2n-2)z2- (2*7+ 1)3-1 = 0.

This is irreducible for p" = 5, n = ± 2 ; p" = 13, ?/ = 5 (but not for n = — 5 ) ;

p" = 17, n = 4 ; y = 29, 7? = — 12 (but not for n = 12). These are the

earliest cases and are the only cases examined. We consider the fields for which

(23) is irreducible. The only elements of the algebra (22) whose square equals

v are seen to be ±p, where p = v~2m — v~lnk. Now pipi) = k + v~x m — vni.

Hence p ( pA ) does not equal vA for every element A. The algebra is there-

fore not equivalent to (II).

The  same  method of  pooof  may  be applied   to  other  cases.    Thus  for

p" = 3, d, = 1, d3 = 1, db = — 1, the only elements p of algebra (X) for

which p2 = — 1 are p = ± (i + k — m).    But p((j) 4= —j.

The University of Chicago.


